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Atomic Structure 

The Bohr Atom 

 clue to significance of principal quantum number (‘shells’, in mul(‐electron systems) 

 useful scaling with nuclear charge 

Quan(ze angular momentum L of electron 

 in circular orbit around nucleus of charge +Ze: 

You find for the allowed energies: 

R: the Rydberg Constant, R = 13.606 eV 



X‐ray spectra, between neutral fluorescent n=2‐1, and H‐like n=1‐∞, 
es(mated from E = ‐Z2R/n2 

Never leave home without the Bohr model! 

X‐ray spectra of the abundant elements 



Non‐relaBvisBc ApproximaBon: 

Schroedinger’s EquaBon for single electron in Coulomb potenBal 

n=1 

n=2 

n=3 

n∞ 

e
n
e
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y 

E = 0 

l=0  l=1  l=2  l=3  …. l=n‐1 

orbital angular momentum 

Historic designa(on: 

l=0,1,2,3, …:  s, p, d, f, … 

Interac(on of electron spin with  

 B‐field associated with orbit (L.S interac(on): 
 added by hand 



RelaBvisBc Systems: 

Dirac EquaBon; electron spin appears automaBcally; L.S coupling automaBcally included 

One electron in Coulomb field: 

n = 0,1,2,3,…;   k=1,2,…,n;   α ≈ 1/137, the fine structure constant 

Rela(vis(c effects important if  En/mec
2 > 10‐3: that means: Z > 6 (Carbon) !!! 

Always important for Astro‐H spectroscopy!! 



MulBelectron systems; orbitals in L‐S coupling 

More than 1 electron: electron‐electron Coulomb interac(on; 

            wavefunc(on must be an(symmetric (iden(cal par(cles) 

Atomic structure complex 

Useful simple approxima(on labels states as in non‐rela(vis(c H atom: “L‐S coupling” 

 (fully rela(vis(c labeling: neither Ltotal nor Stotal of all electrons is 

  constant of mo(on; only J = L + S is constant: “j‐j coupling”) 

Nota(on: 

 n; l = 0,1,2,..,n‐1; s = +1/2 or ‐1/2 so j = l+s =l‐1/2 or l+1/2 (for l > 0) 

 1s    2s  2p1/2, 2p3/2  3s  3p1/2, 3p3/2  3d3/2, 3d5/2  ……. 

In X‐ray physics, and in spectroscopy of near‐neutral ions: 

 K‐shell  L        M              …….. 



Spectroscopic NotaBon 

Add all electron orbital angular momenta, L = Σ li  ;  label S, P, D, F, … 
Add all electron spin angular momenta, S =  Σ si 

The 2S + 1 states with the same total spin S are dis(nguished by  

 their total angular momentum J: 

Level nota(on: 2S+1 L J  ;  

sets of levels (“terms”) with 2S+1 = 1,2,3, … are called singlets, doublets, triplets, … 

Example: two electrons in n=3, l=1: 3p2. That means: l = 1, s=1/2 for both e’s 

Possible values of L: L = l1 + l2, so L = 0, 1, or 2 (S, P, and D) 
Possible values of S: S = s1 + s2, so S = 0 or 1 

Possible terms: 1S, 3P, 1D  

(nb: total wavefunc9on has to be an9symmetric. So, for example, 3S not allowed 

because S states (L=0) are spa9ally symmetric; need an9symmetry in spins) 

The 3P has three J‐states: J = L + S = 0, 1, 2, so 3P0,1,2 

L, l, S, s: vectors!  



Reminder: correct addi(on of two electron spins (important for He‐like ions!!): 

Four possible combina(ons of two electron spins (up or down, s= +1/2 or s=‐1/2): 

| �, | �,  |�,  |�. 

Of these, | � and |��are eigenfunc(ons of the total spin operator  
(so are sta(onary spin states); | ��and |��are not. But the two 
linear combina(ons | ����|��and | ����|��are eigenfunc(ons. 

So four possible spin states:  

| ��
| ����|� � � �the triplet states: all three S = 1: symmetric in spins.�

 |��

and 

| ����|��� � �the singlet state: S = 0: an(symmetric in spins. 



Line RadiaBon: Classical, Quantum 

Best short introduc(on: S. M. Kahn: ‘SoI X‐ray Spectroscopy of Astrophysical Plasmas’, 

   (see bibliography at the end) 

Classical 

 Solu(on to Maxwell’s equa(ons for given charges ρ(r,t) and currents j(r,t): 

with retarded (me 



Fourier transform j(r,t) and A(r,t) , and inspect solu(on for Ã(r,ω)  far from source (r >> r’):  

(n unit vector, points in direc(on of r). 
Expand exp(‐ik(n.r’)) (“Mul(pole expansion”), and assume k(n.r’) << 1; condi(on is 
equivalent to  v/c << 1 (source nonrela(vis(c). 

Keep first term (‘electric dipole term”, “E1”); gives Ã(r,ω) in terms of (Fourier transform of) 

dipole moment of charge distribu(on, d(ω). Calculate E(r,ω) and B(r,ω) from Ã(r,ω), and 
transform back to t. From the Poyn(ng vector, S, calculate the radiated power, dW/dt: 

For a single oscilla(ng charge, subject to accelera(on a, you get the Larmor formula: 



Note: higher order terms in mul(pole expansion are smaller than dipole term by 

factors (v/c)2. 

Simple classical model for atomic line radia(on now follows from considering 

a simple bound, damped harmonically oscilla(ng charge; see Kahn for details. 

Example: the classical decay rate, (dW/dt)/W0, of the classical harmonic oscillator: 

This scales like (frequency)2; in the X‐ray band, frequencies are of order 

ν ~ 1016‐18 Hz, A is of the order 1010‐14 sec‐1 !  



Quantum mechanics (quanBzed atomic structure; classical radiaBon field) 

Atomic structure given by solu(ons to Schrodinger equa(on: 

       H |ψ � = E |ψ��

with H the Hamiltonian for the system of bound electrons.  

Interac(on with radia(on represented by adding a small perturba(on to H: 

       H  =  H0 + ΔH 

and applying (me‐dependent first order perturba(on theory.  

The probability per unit (me that atomic electron system will make transi(on 

from sta(onary state |n��to state |n’��given by 



The δ‐func(on ensures that transi(ons only occur for radia(on of frequency ω: 

ħω  = En’ – En (one photon). 

The ‘radia(on Hamiltonian’, ΔH: 

Classical Hamiltonian of par(cle in A‐field: 

Transi(on to quantum mechanics:       gg  ; φ = 0 in a radia(on field, 

and you can choose div A = 0.   
Discard term in A.A, add atomic Coulomb poten(al V(r), get 

so 



And finish up by assuming plane monochroma(c field for A, expanding the  
exponen(al again, and evalua(ng        by seÄng  

Get expressions for the transi(on rates equal to the classical ones, mul(plied by 

a dimensionless factor, the ‘oscillator strength’ f. For absorp(on |i� to |f�, for  
instance (electric dipole term, averaged over polariza(on): 

Note that the matrix element �f�r�i��brings in the selec4on rules for transi(ons 
between states. Electric dipole forbidden transi4ons have �f�r�i��= 0 ; but the 
transi(on may s(ll occur in higher‐order mul(pole terms (E2, M1, …).  

So now we have the basics of atomic structure, and the means to 

evaluate radiaBve transiBon probabiliBes. Once again, I urge you to 

read Steve Kahn’s review for more details. Remember, a lot of  

Astro‐H spectroscopy will be for heavy ions (high‐Z): relaBvisBc and  
higher order processes important! 



ExcitaBon Processes 

In most astrophysical plasmas of interest to us(*), electron densiBes are very low‐ 

collisional downward transi(on rate between two levels typically much 

smaller than radia(ve (spontaneous) decay rate: 

           neC21 << A21    (A21 large for X‐ray transi(ons!) 

so that most of the (me, excita(on of an ion is followed by photon emission; 

electron thermal energy goes into excita(on, but excita(on does not return 

energy to the thermal energy pool. 

the excited state popula(ons are near‐zero: excita(on balance is very far from  

thermodynamic equilibrium. 

Cri(cal density: ne ~ A21/C21. For higher ne, ions start to go into T.E. 

In addi(on: radiaBon energy densiBes << blackbody (because τ << 1),  

so radia(ve excita(on and induced emission not important (with one excep(on:  

resonance lines) 

             (convince yourself with the 2‐level atom!) 

(*) excluding stellar interiors and atmospheres, accre(on flows, …  



Processes that populate excitated states: 

 (1) collisions with charged par(cles (collisional excita(on, CX) 

 (2) absorp(on of a photon (photoexcita(on) 

 (3) recombina(on ion‐free electron into excited state  

     (radia(ve or dielectronic recombina(on [RR, DR]; 3‐body processes) 

 (4) charge exchange processes (CX) 

 (5) ‘innershell ioniza(on’ 



(1)  Collisional excita(on 

    

   mostly electron‐ion collisions; proton collisions rarely important (shocks?) 

   cross sec(on: very roughly of order (electron de Broglie wavelength)2: 

   (wi: sta(s(cal weight lower state; p: momentum of free electron; 

    Ω: ‘collison strength’, of order unity) 

    Also very roughly of order ‘geometric’ cross sec(on of ion: 

        

    (U = E/Eij; E electron energy; a0: Bohr radius; R: Rydberg energy). 

    To see this: set Eij ~ Z
2R; recall: radius of first Bohr orbit in H‐like ion of  

     nuclear charge Z: r1 = a0/Z. 



y = Eij/kTe 

Only electrons with E > Eij contribute, so in thermal plasma, excita(on 

    rate depends exponen(ally on Eij/kTe 

NB: the above generally applies to permiàed transi(ons. For forbidden transi(ons, 

 the cross sec(on and rates depend differently on E and T. 

Convenient parameteriza(ons of Ω(U): start with Kaastra et al. (see bibliography) 

In thermal plasma of electron temperature Te, the total rate averaged (�…�)over the 
 electron thermal energy distribu(on: 

 Sij = neni �Qijv����8.62 x 10
‐12 ��(y)��wi

‐1
�T ‐1/2 e‐y     m‐3 s‐1 

             8.62 x 10‐18                               cm‐3 s‐1 



(2) photoabsorp(on: see Jelle Kaastra’s lectures.  

 As an excita(on mechanism, important only in very specific cases: scaàering 

 of external con(nuum photons by resonance transi(ons(*); scaàering of  

 resonance line photons. 

(3) Recombina(on: Radia(ve, dielectronic, 3‐body. 

 RadiaBve recombinaBon (RR): inverse of photoioniza(on.  

   Consider Thermodynamic Equilibrium (TE): in TE, RR and PI rates balance.  

   Resul(ng rela(on between cross sec(ons: the Milne Rela(on.  

   Inser(ng photoelectric absorp(on cross sec(on, averaging over  

   Maxwell distribu(on: 

     low temperatures (kT << ioniza(on poten(al): R ~ T ‐1/2 

     high temperatures (kT >> ioniza(on poten(al): R ~ ln(χ/kT) T ‐3/2 

   so recombina(on effec(ve at low temperatures. 

(*) resonance transi(on: lowest‐energy transi(on from the ground state, so n=1‐2 



Dielectronic recombinaBon (DR): 

free e‐ 

(there are other possible  

stabilizing transi(ons) 

photon 

This process is resonant! 

DR is oäen more important than RR; note that at low temperatures, 

such that kT << ΔE, DR is suppressed (free electron needs to  

excite bound electron) 

ΔE 



3‐body recombinaBon: inverse of collisional ioniza(on 

free e‐’s 

ΔE 

ΔE  Rate propor(onal to ne
2, so only  

important at high densi(es. 

All recombina(on processes can leave ion in excited state, and produce photon(s) 

Recombina(on tends to populate different excited states than CX: 

 resul(ng spectrum different from collisional spectrum. 



(4) Charge exchange (CX) 

Two ions exchange bound electron; in astrophysical case, collisions of  

 heavy ions with H and He‐ions vastly outnumber other combina(ons. 

Prac(cal example: highly charged Oxygen ion plus H atom: leaves 

 Oxygen one charge state lower, in excited state, plus a proton. 

 Occurs for instance when solar wind (highly ionized) collides with Geocorona. 

 Should also occur near astrophysical shocks moving into near‐neutral medium. 

Again, the process tends to excite to different levels than CX: causes characteris(c  

 emission spectrum.  

(5) Innershell processes 

Free electron, photon, or cosmic ray removes n=1 or n=2 electron from atom or ion: 

 ion stabilizes via emission of electron (Auger process) or photons (“fluorescence”) 

Examples: irradiated neutral gas; ionizing transient plasmas (SNR. 

Important for Astro‐H: Fe has high fluorescence yield;  

 Fe K band first (me at high resolu(on with Astro‐H. 



IonizaBon balance 

We already discussed recombina(on processes; briefly discuss  

ioniza(on processes and ioniza(on balance. 

Collisional ioniza(on: very similar to CX; see page 18. 

Photoioniza(on: ‘photoelectric absorp(on’ liberates electron; textbook calcula(on 

(Compton ioniza(on; see Kaastra et al.) 

Either process can eject a valence electron, or an innershell electron; 

 the laàer case can be complicated: Auger process can result in 

 emission of mul(ple electrons; ion changes charge state by several steps at once. 

Calculate the ioniza(on balance:  

dni/dt = +(all ioniza(ons from lower ions) – (all ioniza(ons to higher states) + 

   +(all recombina(ons from higher states) – (all recombina(ons to lower states); 

the terms in brackets are the relevant rates of change of ni, in cm
‐3 sec‐1. 

Set of coupled linear equa4ons (matrix equa(on) for the ions of a given element. 



Equilibrium: all dni/dt = 0 

 Common types of equilibrium: 

   balance between collisional ioniza(on and RR+DR:  

   collisional ionizaBon equilibrium (CIE), a.k.a. “hot gas” 

    

   since all rates only depend on T, balance fully determined by T alone. 

From Kaastra et al. 



PhotoionizaBon equilibrium: balance between photoioniza(on and RR+DR 

Consider equilibrium between two charge states, i and i+1: 

F: incident radia(on flux 

σ: photoelectric cross sec(on 

α: total recombina(on coeff. 

χ: ioniza(on poten(al i,i+1 

so 

(Fν = F . Fν) 

The ioniza(on equilibrium only depends on ra(o ξ = F/ne: the ioniza9on parameter(*); 

the second factor can be calculated for given spectrum and cross sec(on, once and 

for all. 

(*) alterna(ve defini(ons are also current 



(1)  Note that thermal balance and ioniza(on balance are coupled 

(2)  Since ioniza(on produced by photons, no requirement that  

 kTe ~ characteris(c ioniza(on poten(als, χ. In fact, photoionized plasmas 

 typically equilibrate at kTe ~ 0.1 χ (photoionized gas is cool). 

(3) Photoioniza(on balance typically ‘messier’ than collisional case: 

   Maxwell distribu(on of e‐ energies is sharply peaked at (3/2) kTe, but 

   typical photoionizing spectrum is very broad in photon energy. 

Kallman & McCray, 

ApjS, 50, 263 (1982) 



Which type of equilibrium prevails? 

Compare the collisional and photoioniza(on (mescales: 

Ci,i+1: collisional rate coefficient 

> 1 : collisional ioniza(on 

< 1 : photoioniza(on  

So for low density, high radia(on intensity plasmas, photoioniza(on prevails; 

Otherwise: collisional ioniza(on dominates.  

And of course, a mixture is also possible (the IGM?) 



And now we also have the concepts to describe non‐equilibrium situaBons: 

Compare the ‘age’, τ, of your plasma to τcollisional or τphoto !  

If τ <  τcollisional or τphoto  , your plasma is s(ll ionizing (SNR, solar flares, IGM, …) 

Similar considera(ons applied to the recombina(on (mescales (recall, photoionized 

gas usually much cooler than collisionally ionized gas, so relevant recombina(on rate 

coefficients may be very different) tells you whether your plasma may be 

recombining. 

Example:  

‘NEI’, non‐equilibrium ioniza(on (conven(onally applied to collisional plasmas only) 

(simplify to two ioniza(on states): 

         dni/dt         = + neni Ci,i+1 − nen i+1 αi+1,i 

         dni/d(ne t) = + ni Ci,i+1 − n i+1 αi+1,I 

So (me development controlled by ne t (also referred to as the ‘ioniza(on 

parameter’, confusingly). Generally, when ne t > 10
11‐12 cm‐3 s, ioniza(on 

has equilibrated—’old’ and high‐density plasmas. 



apology 

We only have an hour, so you won’t find data and numbers here for the various 

physical quan((es we discussed (cross sec(ons, rate coefficients, wavelengths, …). 

All of these are implicit in the various codes Randall will discuss, so you’re fine(*).  

But if you want a cross sec(on, or a rate coefficient, to do some calcula(ons and 

es(mates (rather than blindly fit), the next slide gives good star(ng points. For  

accurate numbers, search the literature. 

(*) do remember that you may encounter spectra that reveal inaccuracy or 

inadequacy in those numbers!! Science is hard!! 
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